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SUMMAEY 


A  discussion  of  the  longitudinal  motion  of  an  airframe  is  presented. 
General  relationships  between  the  stability  derivatives  of  the  airplane 
and  the  single  rotor  helicopter  are  considered.  It  is  shown  that  the 
basic  character  of  the  longitudinal  motion  is  primarily  determined  by 
the  angle  of  attack  stability  and  the  velocity  stability.  The  variation 
in  the  modes  of  motion  produced  by  these  two  stability  derivatives  is 
presented. 

Consideration  of  the  relationships  between  the  flight  variables  in 
the  modes  of  motion  is  included. 
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Acceleration  due  to  gravity" 

Moment  of  Inertia  of  aircraft  about  center  of  gravity. 

Pitching  moment  about  the  center  of  gravity,  positive 
nose  up. 


Rate  of  change  of  pitching  moment  with  variable  indi¬ 
cated  in  subscript,  the  others  held  constant. 

Pitching  moment 
mass  of  aircraft 

Time 


i  M  \ 

divided  by  moment  of  inertia  ^  j  ; 


Flight  velocity 
Weight  of  aircraft 


Horizontal  force  along  an  axis  fixed  to  the  aircraft, 
initially  aligned  with  the  wind,  positive  forward. 


Rate  of  change  of  horizontal  force  with  variable  indi¬ 
cated  in  subscript,  the  others  held  constant. 


Horizontal  force  divided  by  the  mass  of  the  aircraft 

Vertical  force,  perpendicular  to  Zx  ,  positive  down¬ 
ward  . 


The  rate  of  change  of  vertical  force  with  the  variable 
indicated  in  the  subscript,  the  others  held  constant. 

Vertical  force  divided  by  the  product  of  the  mass  of 
the  aircraft  and  the  trim  velocity.  (  ^  h 

J 

Aircraft  angle  of  attack, positive  nose  up. 

Root  of  characteristic  equation. 

Aircraft  pitch  angle,  positive  nose  up. 

Real  part  of  root  of  characteristic  equation  (damping 
of  oscillation)  „ 

Imaginary  part  of  root  of  characteristic  equation 
(frequency  of  oscillation). 

Control  deflection. 
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Subscripts  and  superscripts 


(  )o  initial  or  trim  value. 

A(  )  perturbation  from  initial  value. 

C  ),  a  quantity  representing  the  magnitude  and  phase  of  a  vari¬ 
able. 

C  )  derivative  with  respect  to  time. 


IHTRODUCTION 


ITae  general  nature  of  the  transient  longitudinal  motion  of  con¬ 
ventional  suhsonic  airplanes  has  heen  veil  known  for  a  number  of  years . 
The  classical  motion  consists  of  two  oscillatory  modes ^  one  proceeding 
at  approximately  constant  velocity  (referred  to  as  the  short  period) ^ 
and  the  other  proceeding  at  approximately  constant  angle  of  attack 
(referred  to  as  the  phugoid).  However^  the  restrictions  on  the  aerody¬ 
namic  stability  derivatives  for  the  occurrence  of  this  type  of  motion  do 
not  appear  to  be  well  known.  Many  other  flying  machines,  the  single 
rotor  helicopter,  for  example,  exhibit  dynamics  considerably  different 
from  this  classical  pattern.  Since  the  longitudinal  motion  of  both 
of  these  types  of  aircraft,  and  other  flying  machines,  can  be  described 
by  essentially  the  same  equations  of  motion,  it  would  be  expected  that 
there  would  exist  a  number  of  basic  similarities  in  the  transient  motion. 

It  is  the  purpose  of  this  report  to  provide  a  general  viewpoint 
for  the  longitudinal  dynamics  of  an  aircraft  by  indicating  and  utili¬ 
zing  the  fundamental  similarities  that  usually  exist.  The  basic  re¬ 
strictions  on  the  aerodynamic  stability  derivatives  necessary  for  the 
occurrence  of  classical  longitudinal  motion  are  indicated.  Root  locus 
techniques  (Reference  1  &  9)  B.Te  used  to  present,  in  a  general  way,  the 
influence  of  the  static  stability  derivatives .  Only  the  terms  which 
contribute  to  the  essential  features  of  the  dynamics  will  be  considered. 
Thus  some  terns  usually  included  in  stability  analysis  a;re  neglected, 
since  they  contribute  small  differences  to  the  motion. 
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Also  discussed  is  the  variable  content  of  each  mode,  which  is  an¬ 
other  property  of  the  equations  of  motion.  This  characteristic  of  the 
equations  makes  it  possible  to  obtain  a  good  physical  picture  of  each 
mode,  and  to  determine  the  variables  and  the  stability  derivatives  that 
are  of  importance  in  each  mode. 

The  typical  longitudinal  modes  of  the  single  rotor  helicopter  are 
discussed.  It  will  be  seen  that  many  types  of  rotor  lifted  craft  fall 
into  this  category,  and  that  certain  classes  of.  dynamics  are  more  or 


less  inevitable. 


DISCUSSION 


[The  conventional  linearized  rigid-body  eq.tJatlons  which  describe 
the  perturbed  longitudinal  airframe  motions  about  a  straight  and  level 
flight  pathj  may  be  written  in  the  following  form; 

mn  A*U.  -rX^Ao(  4-  Xe  A©  -  \a/a©  =  XgS 

"^^o(  -AO(  “V*  (2;,  "inDLLtJjAa  ■+  C  ifr>Uc.-+ 

Mu.A'ul  ir  Ho(  ^  +  M©  A©  -  T  A©  =  (i) 

The  coordinate  system  is  initially  aligned  with  the  relative  wind  and 
is  fixed  to  the  body.  The  X  axis  is  taken  positive  forward  and  the 
2-  axis  positive  downward.  The  control  response  will  not  be  con¬ 
sidered.  Only  the  character  of  the  homogeneous  equations  is  investi¬ 
gated. 

In  order  to  describe  the  longitudinal  motion  of  the  helicopter 
with  these  equations,  it  is  necessary  to  make  additional  assumptions 
to  the  assumptions  implicit  in  this  form  of  the  equations. 

1,  Coupling  effects  between  the  longitudinal  and  lateral  motions 
are  assumed  to  be  negligible.  The  helicopter  differs  in  this  respect 
from  the  airplane  due  to  the  fact  that  the  rotor  is  not  symmetric,  and 
thus  aerodynamic  coupling  is  present.  The  lateral  motion  of  the  heli¬ 
copter  thus  produced  is  assumed  to  have  a  small  effect  on  the  longi¬ 
tudinal  motion. 
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2.  The  rotor  reacts  Instantaneously  to  changes  in  flight  varia- 
ahles^  l.e.^  its  perturbed  position  in  space  can  be  described  by  the 
Instantaneous  values  of  Ack  >  AU,  ,  and  A©  •  This  assumption 
is  valid  for  investigations  of  the  transient  dynamics  of  the  heli¬ 
copter,  since  the  natural  frequency  of  the  blade  flapping  motion  is 
much  higher  than  the  natural  frequency  of  the  fuselage  motion. 

3.  The  rotational  speed  of  the  rotor  is  constant.  It  is  assumed 
that  rotor  speed  variations  will  not  influence  the  basic  character  of 
the  motion,  which  is  of  primary  concern  here. 

A  number  of  terms  included  in  the  above  equations  are,  in  general, 
not  important,  and  will  be  neglected  in  this  analysis.  These  are 
ICq  a©  ^  £©A©  ^  AsX  and  2.^  A(k  .  Also,  the  teim  in  the 
moment  equation  will  be  neglected.  The  derivative  H  ^  con¬ 

tributes  primarily  to  the  damping  of  the  short  period  motion  and  does 
not  influence  the  basic  character  of  the  motion.  Therefore,  consider¬ 
ation  of  the  dynamics  will  be  restricted  to  the  following  equations : 

~  'ODAV.JL  ■"  VV  A.©  =  O 

2,u.  Avx  +  2.^  A<?(  ~  +■  niu.o  A©  =  o 

t'la- AUl,  +•  "V  A©  “  X  A©  “  O  (2) 

For  the  following  discussion  it  is  convenient  to  divide  each  equation 
by  its  inertia  te:nD,.  Thus  equations  (2)  are  to  be  written  as; 

<9 

Xij-Aul  ~  A\JL-  ■+"  'f'-oi  AbO(  ~  A©  ■”  O 
Zu-  A\jl  "V  AA  ~  -V  A©  =  O 

+  yr]ol  Ao(  +  W©  A*©  "  A  =  o  (2a) 
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Since  these  differential  equations  are  linear  with  constant  co¬ 
efficients,  the  solution  will  he  of  the  form  (Z.^  } 


^0=  ©,  (Z 


A\JL  =  U.,  0.  .  Substituting  these  expressions  into 


the  differential  equations,  canceling  out  (L  ,  a  set  of  algebraic 

equations  in  three  unknowns  ^  I  •>  ®  I  and  the  parameter  is 


obtained; 


X)VJL|  -V-  ■%o<0<|  “  ^ 

Zu.ULt  -h  -t  X©j  =  O 


~tyiu  u-.j  -v  "ty>c71  cKi  ( n^e  “  X©  »  ~  (: 

It  is  a  property  of  these  equations  that  there  can  be  non-zero 
values  of  (SK ,  ,  ©j  and  IJL  j  if,  and  only  if,  the  determinant  of  the 

coefficients  of  these  quantities  equals  zero,  i.e.; 


(Xu.  Xy  XfX  ”*%■ 

i,  z.(^  ■“  X)  X  =  O 
“rriu^  Cm©”>)X 


Expansion  of  this  determinant  results  in  a  fourth  order  equation  in  X  > 
the  roots  of  which  are  called  characteristic  values  or  modes  of  the 
system.  The  Individual  values  of  X  ^  i*®*?  modes  indicate  the 
nature  of  the  transient  motion,  e.g,,  a  complex  pair  of  values  of  X 


represents  an  oscillation. 


Now  to  each  value  of 


(each  complex  pair  in  the  case  of  com¬ 


plex  roots)  there  corresponds  a  relationship  between  0(j  ,  ©j  and 

'LL!  »  However,  it  is  possible  only  to  solve  for  ratios  of  these 
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quantities;,  since  equations  (3)  are  homogeneous.  Thus  the  ratios 

&y 

jll 

and  (referred  to  here  as  mode  ratios)  can  he  determined  for  each 

^  and  do  not  depend  upon  the  input.  (The  absolute  magnitudes;,  l.e., 
the  ©,  S  depend  upon  the  input).  and  -which ^  in  general, 

are  complex  numbers  indicate  the  magnitude  and  phase  relationship  be¬ 
tween  the  Independent  variables  in  each  mode.  As  a  result,  a  good 
physical  picture  of  the  mode  and  an  estimate  of  the  important  terms 
in  the  equations  of  motion  -with  respect  to  each  mode  can  be  obtained. 

This  analysis  -will  Indicate  the  general  nature  of  X  and  the 
corresponding  variable  relationships  as  a  function  of  the  stability 
derivatives . 

In  the  following  discussion  it  is  essential  to  note  the  distinction 
between  the  static  stability  of  the  aircraft,  and  the  static  stability 
derivatives . 

The  static  stability  of  the  aircraft  can  be  defined  as  the  change 
in  pitching  moment  due  to  a  change  in  velocity,  under  the  condition 
that  the  vertical  force  is  maintained  equal  to  the  weight.  The  airplane 
is  statically  stable  if  an  increase  in  speed  produces  a  nose  up  moment. 
From  equations  (2a)  then,  an  expression  for  the  static  stability  of  the 
aircraft  can  be  determined: 

“TnLL.A\A„  dr 

where 

A  lx.  "t  Z.Qi  A  0(  “  O 


thus 


MU  ^  mu.- 

A  lx. 


_±_ 
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The  term  (niuL^iK  ~  ^U.  ^  coefficient  of  A-  in  the 

characteristic  equation.  For  the  sign  convention  used  here,  the  air¬ 
plane  is  statically  stable  if  XU-  “  "7  O  " 

helicopter  in  hovering,  this  reduces  to  '  Tin-u.  >  O 

Thus  the  static  stability  of  the  aircraft  depends  on  both  the 
static  stability  derivatives,  and  as  well  as  the  force 

derivatives  X.  and  2.  u-  . 

In  the  following,  will  be  referred  to  as  angle  of  attack 

stability  and  ~VY|li{  as  velocity  stability,  whereas  the  static  sta¬ 
bility  of  the  aircraft  is  ,  the  total  derivative  of  pitching 

moment  with  respect  to  velocity,  with  the  vertical  force  maintained 
equal  to  the  weight. 

Before  proceeding  further,  various  2x2  minors  in  the  3  3 

termlnant  (4)  will  be  identified.  These  minors  represent  limiting 
cases  of  the  three  degree  of  freedom  dynamics.  Involving  only  two 
degrees  of  freedom,  and  may  or  may  not  represent  a  good  approximation 
to  a  mode  of  the  three  degree  of  freedom  dynamics .  The  discussion 
following  will  indicate  when  these  approximations  are  valid.  Three 
minors  are  identified,  one  closely  associated  with  the  helicopter, 
the  others  with  the  airplarie. 

1,  Hovering  minor. 

muu  Cm©"/s,)A 

This  minor  arises  from  the  assumption  that  perturbations  in  angle  of 
attack  (vertical  velocity  in  hovering)  do  not  have  significant  influ¬ 
ence  in  the  horizontal  force  and  moment  eqmtlons.  The  term,  "hovering" 
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is  used  to  Identify  this  minor,  since  it  descrfbes  the  dynamics  of  the 
helicopter  near  hovering  flight,  but  will,  of  course,  describe  the  dy¬ 
namics  of  any  aircraft  in  forward  flight  that  obeys  these  assumptions . 
The  locus  of  roots  to  this  minor  depend  primarily  on  the  magnitude  of 
the  velocity  stability  (  Tntx- )  since  the  relative  values  of 
the  damping  in  pitch  (m©  )  will  be  similar  for  most  aircraft.  Physi¬ 
cally,  it  would  be  expected  that  if  the  equations  are  uncoupled 
the  dynamics  would  consist  of  a  rapid  convergence  in  pitching  rate  ('tie), 
and  a  slow  convergence  in  velocity  (  )  and  therefore  »  1/.U.I 

A  degree  of  freedom  is  considered  uncoupled  here  in  the  sense  that  the 
root  associated  with  the  uncoupled  degree  of  freedom  can  be  determined 
from  one  equation.  The  term  is  from  this  viewpoint,  a  forcing 

function  in  the  horizontal  force  equation  when  'YTyu.^  o  ,  and,  of 
course,  influences  the  control  response  but  does  not  effect  the  roots 
of  the  characteristic  equation.  Only  velocity  stability  (an  increase 
in  velocity  produces  a  nose  up  moment)  will  be  considered.  This  is 
typical  of  the  single  rotor  helicopter.  Thus  the  locus  of  roots  of 
this  minor  is ^obtained  from  the  characteristic  equation 
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Figure  .1;  Hovering  Dynamics;  Locus  of  roots  for  increasing 
Velocity  Stability. 

From  Figure  1  it  can  be  seen  that  the  velocity  stability  produces  an 
oscillation  which  becomes  shorter  in  period  and  unstable  as  the  ve¬ 
locity  stability  is  Increased.  In  general,  the  region  of  stability 
is  very  small  and  any  appreciable  value  of  YT>u.  will  cause  the  oscil¬ 
latory  Instability  typical  of  the  hovering  helicopter.  A  description 
of  this  oscillation  from  a  physical  viewpoint  can  be  found  in  Reference 

(2).  The  magnitude  of  the  above  which  the  motion  is  unstable  can 

•a 

be  determined  from,  Eouth's  Discriminant.  It  is  -■yu'nr»e  .  These 

dynamics  will  be  characteristic  of  most  rotor  li.fted  aircraft  in  hover- 
Ingj,  and  unsatisfactory  dynamics  of  aircraft  in  hovering  are  more  or 
le^s  inevitable  unless  inDuu  can  be  maintained  at  a  small  value.  Xu- 
provides  a  small  stabilizing  effect  on  the  oscil.latior,  and  a  small 
range  of  '!T)u.  for  which  the  machine  could  be  dynamically  stable.  The 
pitch  damping  (  '"Di©  )  also  acts  to  stabilize  the  motion  and  its  influ¬ 
ence  is  dependent  upon  Xu-  to  some  extent. 
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Note  that  although  the  velocity  stability  is  stable  in  a  static 
sense  it  is  destabilizing  in  a  dynamic  sense.  • 

Expanding  (4)  along  the  column,  the  three  degree  of  freedom 
characteristic  equation  can  be  written  as; 


muL 


C<^e->)'X 


muL  C.'nne-A)>v 


- 


Xuu-X 

VJL 


"T 


o 


In  many  cases  will  be  small  and  the  characteristic  equation, 

in  literal  terms  becomes 

(Zo<  -  £  VioJ^jOuncj-  rnmcT.^  ~  L  pW^ocdL  VT»\n(yT-]J  =  O 


Thus  as  VY\o(~’’C>  }  "the  dynamics  of  the  machine  tend  towards  this 
minor . 

2.  Classical  Phugold  Minor: 


Z.u_ 


o 


This  minor  describes  the  motion  of  the  aircraft  when  the  angle  of 
attack  influence  is  small  in  the  horizontal  and  vertical  force  e- 
quatlons,  and  is  usually  a  good  approximation  to  one  mode  of  the 


(6) 
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dynamics  of  an  aircraft  or  helicopter  possessing  a  large  amount  of  angle 
of  attack  stability  (  )  as  can  be  seen  from  equation  (6).  The  nature 

of  the  characteristic  rootg  of  this  minor  depend  primarily  on  Z.u»_  since 
^u.  being  a  function  of  the  drag  of  the  machine^  will  be  of  the  same 
sign  and  of  similar  magnitude  on  most  aircraft.  For  a  subsonic  airplane 
2.U-  is  always  negative.  However,  in  the  helicopter,  may  be  either 

positive  or  negative,  depending  upon  the  flight  condition.  (References 
3,  4,  and  5)*  If  21  is  negative,  i.e.,  a  lift  increase  with  an  in¬ 
crease  in  speed,  the  roots  will  consist  of  two  convergences  tending  to 
a  stable  oscillation  as  Zul-  increases.  If  is  positive,  the 

roots  consist  of  a  convergence  and  a  divergence.  The  former  is  general¬ 
ly  the  situation  at  low  trim  velocities  and  the  latter  at  high  trim  ve¬ 
locities  for  a  helicopter.  The  locus  of  roots  is  therefore: 


Figure  2;  Classical  Phugoid  Dynamics 


li(- 


Variation  of  from  Its  original  value  moves  the  roots  on  the  arc 

of  a  circle  centered  at  the  origin,  when  the  Initial  roots  are  oscil¬ 
latory. 

This  case  is  fundamentally  different  from  the  hovering  minor  al¬ 
though  in  both  cases  the  angle  of  attack  Influence  was  assumed  to  be 
small.  This  is  due  to  the  fact  that  different  equations  are  involved. 
Thus  even  though  the  angle  of  attack  variation  is  small,  one  must  be 
careful  to  choose  the  equations  in  which  the  forces  or  moments  pro¬ 
duced  by  the  angle  of  attack  change  are  small  compared  to  the  other 
terms  in  the  equation.  The  selection  of  the  proper  equations  for  an 
approximation  follow  directly  from  determination  of  mode  ratios, 

3.  Classical  Short  Period  Minor; 


> 


A 


=  o 


This  minor  describes  the  short  time  dynamics  of  an  aircraft,  that  is, 
the  motion  prior  to  the  time  that  the  velocity  change  has  Increased 
to  a  sufficient  magnitude  to  Influence  the  dynamics.  In  general,  if 
the  frequency  of  this  motion  is  high  and  well  damped  It  will  represent 
a  good  approximation  to  one  pair  of  roots  of  the  three  degree  of  free¬ 
dom  characteristic  equation,  since  the  oscillation  would  ensue  before 
a  significant  velocity  change  occurs.  If  the  frequency  is  low  this 
minor  may  not  be  a  good  approximation  to  roots  of  the  characteristic 
equation  but  may  still  approximate  the  short  time  dynamics  of  the  air¬ 
craft  . 


V 


As  mentioned  tiHne  will  In  general  be  considerably  larger  than 
'Xu_  for  a  majority  of  aircraft  and  helicopters .  The  lift  curve 
slope  of  the  aircraft  (  Z.o<  )  will,  he  of  a  similar  magnitude  as  m© 
representing  in  an  tincoupled  situation^  a  rapid  convergence  in  angle 
of  attack.  Thus  the  roots  of  this  minor  will  depend,  to  a  large  ex¬ 
tent,  upon  the  magnitude  and  sign  of  VY)(X  as  shown  on  the  following 
root  locus .  Also  indicated  are  the  influences  of  variation  of 
and  VT)©  in  an  oscillatory  case.  An  TYV©  change  moves  the  roots  on 
the  arc  of  a  circle  centered  at  Z-ol  and  vice  versa. 


Zcx  On© 


angle  of  attack  instability 

_  angle  of  attack  stability 

Figure  3;  Classical  Short  Period  Dynamics 
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For  large  values  of  angle  of  attack  stability  the  roots  will  be 
the  typical  short  period  heavily  damped  motion  of  the  subsonic  air¬ 
plane  providing  X(x  and  XY\0  are  of  sufficient  magnitude.  If  there 
is  angle  of  attack  Instability,  then  the  roots  will  be  two  convergences, 
one  tending  towards  a  divergence  as  the  instability  Increases . 

Now  the  over-all  dynamic  characteristics  as  obtained  from  the 
3x3  determinant  will  be  investigated.  Certain  basic  relationships 
between  the  derivatives  exist  that  are  utilized  to  make  the  root  locus 
diagrams  q,uite  general  with  regard  to  the  influence  of  other  deriva¬ 
tives.  One  would  expect,  in  particular,  that  for  similar  types  of  air¬ 
craft,  e.g.,  single  rotor  helicopters,  the  force  eq.uations  would  be 
similar  since  the  derivatives  would  largely  tesult  from  performance 
considerations .  There  may  or  may  not  be  similarities  in  the  moment 
eq.uatlon  depending  upon  the  type  of  aircraft  and  the  configuration 
under  consideration,  and  upon  the  degree  of  control  that  can  be  ex¬ 
erted  in  the  design.  As  previously  mentioned,  the  stability  deriva¬ 
tives  along  the  major  diagonal  of  the  determinant  (4),  from  physical 
considerations  can  be  expected  to  bear  a  general  relationship  to  one 
another.  These  terms  determine  the  dynamics  when  the  degrees  of  free¬ 
dom  are  not  coupled.  Thus  in  this  situation,  it  would  be  expected  that 
all  aircraft  would  possess  similar  dynamics.  If  the  velocity  stability 
(  mou  )  and  the  angle  of  attack  stability  (  rOoC  )  equal  to  zero 
the  pitching  mode  is  uncoupled  from  the  angle  of  attack  and  velocity 
modes . 
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When  'iT^ u. cX  ““  hecomes 

(Yu..-  ^)  Y-C?i  ~  ^ 

x.u_  ( '■^CK  -  )\  =  O 

(me  -  >>)  X 

and.  the  characteristic  equation  Is: 

'XCvY^e-X)  (  (X(X-)9C^xju->')  -  ><?(  ZuL.]  =  o  (T) 

The  angle  of  attack  and  the  velocity  are  coupled  due  to  ^ul,  and 
)(o^  .  It  will  he  found  that  as  long  as  Xu.  and  Z-c?^  are  well 
separated;,  this  coupling  between  angle  of  attack  and  velocity  is 
usually  weak  and  can  be  neglected.  This  is  generally  true  of  both 
the  airplane  and  the  helicopter^  and  is  determined  by  the  condition 
that  the  roots  of  ( lZo(  ~  X)  ~  Z  m,  ■=■  O  are 

approximate,ly  Xu.  and  •  In  this  ca.se ^  the  characteristic 

equation  will  be  X  C  YTa  0  ~  X)  “  X)  CXu.—  X^  =  O 

Thus  the  dynamics  of  any  airframe  with  no  angle  of  attack  sta- 
bi.lity  and  no  ve.locity  stability  will  be  essentially  uncoupled  and 
will  consist  of: 

a)  In  pitching  .rate,  a  rapid  convergence, 

b)  In  angle  of  attack,  a  rapid  convergence, 

c)  In  velocity,  a  slow  convergence. 

This  basic  relationship  is  inherent  in  the  classical  approximations  as 
wi,ll  be  seen.  There  will,  of  course,  be  some  interaction  between  the 
equations  due  to  the  g.ravlty  and  inertia  term,s.  For  example,  the 
weight  component  term  in  the  horizontal  force  equation  (-V/AG)  will 
act  as  a  forcing  function  in  the  evaluation  of  control  response  in  the 
uncoap.led  situation. 
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The  dynamics  of  the  helicopter  or  airplane  will  he  largely  con¬ 
trolled  hy-  the  magnitude  and  sign  of  flpu  ^'3-  Via  01  ,  and  the  root 

location  for  the  uncoupled  situation  is  typical  of  most  aircraft, 
appearing  on  the  complex  plane  as  follows  from  equation  (7)»  The  zero 
root  arises  from  the  fact  that  the  moment  equation  is  uncoupled  and 
has  no  dependence  upon  pitch  angle. 

Ilco 


Figure  4:  The  dynamics  of  an  aircraft  with  no  velocity  stability 
and  no  angle  of  attack  stability  (  =  rTitjs.  =  o  ) 


Generally  these  time  constants  will  be  well  separated  as  shown. 

(  way  be  greater  or  less  than  XT>©  ).  However,  the  typical  heli- 

copter  usually  has  smaller  values  of  and  rn  Q  than  the  air¬ 

plane.  For  the  helicopter  through  the  level  flight  speed  range  this 
configuration  will  remain  approximately  the  same.  lVot.(will  Increase 
with  speed  while  rfi©  and  Z.(^  will  remain  approximately  constant. 
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U'ow  consider  in  what  manner  the  variable  phase  and  magnitude  re¬ 
lationships  are  dependent  upon  the  characteristic  roots «  It  is  neces¬ 


sary  to  use  only  two  of  the  three  equations  of  motion »  Since  the 
character  of  the  force  equations  is  typical  and  the  static  stability 
derivatives  will  be  varied,  relationships  between  the  variables  for 
any  location  on  the  complex  plane  are  obtained  from  the  force  equations. 
The  force  equations  are : 

CXu--X) 

Xu  ~  ~  "  ,X  (8a) 

and 


Vvi,—  >  }  C  •-  Yix 

*”  X  (  O-  ~  A' 

(X?5”-AJ~  >'i;S  XcJL. 


Thus  each  value  of  A-  determinas  a  value  of 


These 


quantities  can  he  considered  as  vectors  on  the  complex  plane  and  com¬ 
puted  from,  this  viewpoint.  For  the  approximations  1  and 


that  the  roots  of  (  Xuu." 


)  "  Z-U-  =»  (3  aj-e 


approximately  Xu.  and  XcH  ^  velocity  to  pitch  angle  relation¬ 
ship  reduces  to  =-  /  w  \  for  any  values  of  A  large 


Xa~  X, 


compared  to  "Xu  thl.s  simplifies  furth®r  to  ==’•  ”  ,  Tl. 
approxlmatl.on  1,b  easll.y  interpreted  physically.  It  represents  the 
fact  that  the  major  terms  in  the  horizontal  force  equation  are  the 
horlaontal  force  produced  by  the  weight  component  along 
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the  )(  axis  and  the  acceleration  resulting  therefrom.  In  this  case^ 
the  horl,zontal  acceleration^,  and  the  fuselage  pitch  nngle  will  always 
he  approximately  out  of  phase.  As  the  modes  become  faster  and  faster^ 
ioe,;,  as  X  increases,  the  velocity  content  of  the  mode  becomes 
smaller  and  smaller. 

The  numerator  of  is  the  classical  phugoid,  and  therefore 

'Si 

as  X  approaches  the  classical  phugoid  ^  O  i,e,,  there  will 

0 1 

be  no  angle  of  attack  variation  in  that  mode.  When  ‘Zo(  >>  and 

the  classical  phugoid  is  oscillatory,  the  mode  ratios  on  the  complex 
plane  are  shown  in  Figure  5»  For  any  given  roots,  the  variable  re¬ 
lationships  are  fixed.  The  magnitude  and  phase  of  a  derivative  is  de~ 

termlned  by  changing  the  magnitude  by  \|  f  o^4-  ryi?-  and  advancing  the 

■V"  —  ^ 

vector  counter-clockwise  by  the  angle  \cjur\  «  An  estimate  of 

the  significance  of  the  terms  in  various  areas  of  the  complex  p.lane  can 
be  made  by  comparing  the  product  of  derivative  of  interest  and  the 
magnitude  of  the  variable,  e.g,,  W>_cx  ^'O  'T>a.  — -  •  Also  the 

©»  ©I 

phase  re.lationshlps  are  instructive  as  to  similar  effects  from  differ¬ 
ent  derivatives.  For  example  at  (a)  where  the  angle  of  attack  and  the 
velocity  are  l80°  out  of  phase  it  would  be  expected  that  a  change  in 
velocity  stability  (+)  or  a  change  in  angle  of  attack  stability  (-) 
would  have  a  similar  Influence  on  the  dynamics.  At  (b)  where  the  ve¬ 
locity  and  angle  of  attack  are  approximately  in  phase,  their  influence 
would  be  opposite.  This  is  verified  by  the  root  loci  .later.  Wow  the 
variable  content  as  dependent  upon  the  i'requency  and  the  damping  of  the 
mode  can  be  seen.  The  lightly  damped  mode  Involves  primarily  velocity 
and  pitch  ang.le  perturbations ,  angle  of  attack  variations  are  of  the 
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order  of  l/2  the  pitch  angle  variations,  generally  enough  such  that 
the  influence  of  angle  of  attack  cannot  be  neglected  except  'when  the 
static  stability  wl.th  angle  of  attack  is  large  and  the  classical 
phugoid  roots  are  approachedo  !rhe  heavily  damped  motion  consists 
primarily  of  angle  of  attack  change  and  pitch  angle  change  and  the 
velocity  change  is  essentially  unimportant.  Note  that  the  associ¬ 
ation  of  these  mode  characteristics  vlth  the  roots  is  due  only  to  the 
force  equation  characteristics.  The  variable  content  of  convergences 
and  divergences  depend  upon  their  location  with  respect  to  the  un¬ 
coupled  dvnamlcs,  (  ,'Zcx  ,  m©  ),  e.g..  slow  convergences  will 

have  a  significant  velocity  content,  while  fast  convergences  will  not. 

This  property  of  the  equations  can  be  used  in  more  complicated 
problems  to  determine  the  composition  of  each  mode. 

Now  the  manner  in  which  the  dynamics  vary  with  the  velocity 
stability  (  YTiu-  )  and  the  angle  of  attack  stability  (  fOa  )  wi].l  be 
investigated.  These  two  important  terms  in  the  equations  of  motion 
vary  considerably  on  helicopters  and  aircraft  and  may,  to  some  extent, 
be  controlled  in  the  design.  Four  situations  are  considered  for  angle 


of  attack  stabllitys  the  influence  of  angle  of  attack  stability  and 
Instability  when  Xu,  is  negative  (the  classical  phugoid  is  oscillatory), 
and  when  is  positive  (the  c.lasslcal  phugoid  is  a  convergence  and 

a  divergence) I  one  for  velocity  stability:  the  Influence  of  velocity 
stability  when  is  not  negligible  compared  to  1.  The  effect  of 


velocity  stability  when  ^  <!<  I  is  Indicated  by  the  hovering 

Ir 

minor  as  the  horizontal  force  and  moment  equations  are  not  coupled  to 


the  vertical  force  equation  and  (  ^  —  Xcx  )  is  a  factor  of  the 
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characteristic  equation  as  Indicated  by  equation  (?)«  These  cases  in 
elude  the  consideration  of  the  subsonic  airplane  (i„e.;  negligible  ve¬ 
locity  stability)  and  the  single  rotor  helicopter. 

The  characteristic  equation  for  the  following  root  loci  is  ob¬ 
tained  by  expanding  (4)  along  the  moment  row; 

X  'Tn©  —  ^  C^tx~  X  ) —  X}  “  ^  (A  lx,  ^ 

-m«  {>  (xa.->)  +  i  >('”^)“Zaj'=0 

the  te™  hegllglble  and  as  dlecueeea 

previously  the  characteristic  equation  becomes : 

X  (rA©  —  X^(x vA.~  X^ ( —  X ^ -  YWd  ^ (xu. ~  X) X z  u. 

““  xwl^  \  X“ 

Dynamics  as  a  function  of  angle  of  attack  stability 

Case  1;  Fhugold  oscillatory!  angle  of  attack  stability 

The  locus  of  roots  of  the  characteristic  equation  for  all  values 
of  VOoi,  less  than  0  will  present  the  range  of  dyn,am.ic.s  of  the  subsonic 
airplane„  The  seros  of  are  of  the  classical  phugold  roots^,  and 

the  root  locus  is  obtained  from  the  characteristic  equation  , 


t 

I 
i 

i 

- -^[3-- 

m© 

Figure  6a;  The  dynamics  of  an  airframe  as  a  function  of  angle 

of  attack  stahillty.  Haugoid  oscillatory.  ('VYlio^  <0) 

This  locus  presents  the  characteristic  roots  of  the  longitudinal  motion 
of  the  subsonic  airplane.  Tito  oscillations  are  produced  for  any  ap¬ 
preciable  stable  value  of  ,  one  arising  from  the  coupling  of  the 

pitching  rate  mode  and  the  angle  of  attack  mode^  the  other  arises 
throu.gh  coupling  of  the  zero  root  and  the  velocity  mode.  These  two 
modes  wi.!.!  be  referred  to  as  the  heavily  damped  mode  and  the  lightly 
damped  mode  to  distinguish  them,  from  the  c.lasslca.l  airp.lane  modes.  As 
is  l.ncreased  the  classical  picture  is  app.roaehed  of  a  .lightly 
damped  long  period  mode^  (the  .limiting  case  is  the  c.lasslcal  phugoid 
motion)  and  a  heavily  damped  short  period  motion.  The,re.fore,  the 
classlca.1  appro.ximatlons  depend  upon  a  significant  amount  of  angle  of 
attack  stabl.lity  and  the  re,latlonshlp  orlginal.ly  assumed  that 

°  When  these  (Quantities  are  not  wel.!  separated  the 
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classical  approximations  'id.I.l  become  less  successful;,  and  the  tendency 
towards  Instability  will  increase  in  the  light  damped  branch »  The 
classical  approximations  became  exact  as  vooi  — >~oO  ^ 

actual  damping  of  the  phugoid  is  less  than  the  classical  phugold  ap¬ 
proximation  of  due  to  coupling  between  the  two  modes  and  is 

JK 

difficult  to  approximate  in  a  simple  fashion »  By  examination  of 

Routh's  Discriminant;,  a  criterion  for  the  occurrence  of  instability 

can  be  obtained.  If  |  \  >  1  ^  1  then  there  will 

'  VV\q  ^  1 

be  a  range  of  angle  of  attack  stability  in  which  the  lightly  damped 
oscillation  is  dynaml,ea.lly  unstable. 

Case  2;  Rhugol.d  oscillatory ;  angle  of  attack  instability 

The  locus  of  roots  is  obtained  from  the  preYious  characteri.stl.c 
ecuation  by  changing  the  angle  condition. 

I 

( 

I 

j  LCO 


1 

I 

I 


Ii.g(i"e  6b:  Dynani-cs  of  an  al.rf'ram.e  as  a  function  of  angle  of 

attack  instability.  Phugoid  osclllato:cyo  ^  O) 
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Here  we  obtain  a  heaTJJy  danped  oscillatory  mode^  referred  to  as  the 
"third  mode"  In  (Reference  6)  and  a  convergence  and  a  divergence o  The 
divergence  is  a  result  of  the  static  instability  of  the  airplane,,  It 
is  interesting  to  note  that^  in  this  case;,  a  large  value  of  angle  of 
attack  instability  also  tends  towards  the  classical  phugold  modCo 
Case  3»  Ehugoid  non  osci.Llatoryj  Angle  of  attack  stability 

The  locu,s  of  roots  is  again  obtained  from,  the  p.revlous  character- 
istic  eq,uatlon  with  new  v.eros  due  to  the  difference  in  Zul.  = 


1  » 

1  bCO 
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Figar-e  6c;  Dynamics  of  an  airf ramie  as  &  ftmction  of  angle  of 

at  tack  stability o  Pnugold  non  osclJ.Iatory  o  <  O  ) 


Here  there  is  essential.ly  no  change  in  the  heavily  damped  branch. 


However^  the  lightly  damped  branch  is  q.uite  different.  The  aircraft 
is  statically  unstable  ^  i.e.,  the  coefficient  of  A  in  the  charac¬ 
teristic  eq_uatlon  has  changed  sign  due  to  Zul.  •  Increasing  the 
angle  of  attack  stability  increases  the  rate  of  divergence  of  the 
instability.  It  is  interesting  to  note,  however,  that  for  reasonable 
values  of  the  classical  approximations  still  apply. 

Case  Ij ;  Ehugoid  non  oscillatoiy;  angle  of  attack  instahlllty 

This  root  locus  is  sind.lar  to  case  3?  except  that  the  angle  con¬ 
dition  is  changed. 


Figure  6dt  Dynamics  of  an  airframe  as  a  function  of  angle  of 
attack  instability.  Fhugold  non  oscillatory. 

rrrvcK  >o) 
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Here^  as  in  Case  2.,  the  hearlly  damped  branch  In  noii-oscl.llatory^ 
■while  the  lightly  damped  branch  is  oscillatory,  and  surprisingly, 
may  even  he  stable  for  small  "values  of  ~Vc\oL  ■>  large  values  of 

angle  of  attack  instability  a  severe  oscillatory  instability  occurs, 
tending  towards  a  rapid  divergence. 

Dynamics  as  a  function  of  Velocity  Stability. 

This  situation  differs  from  the  hovering  case  as  a  result  of 
being  significant  (if  YY\(yi,=  O  then  angle  of  attack  vari¬ 

ation  appears  only  in  the  vertical  force  equation.  The  oscillatory 
mode  is  described  by  the  other  two  equations).  This  root  locus  is 
obtained  from  the  characteristic  equation  In.  the  form 


i  Leo 


Figure  7;  The  dynam.ics  of  an  air. frame  as  a  function  of 
Velocity  Stability.  ^  O 
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The  lightly  damped  or  unstable  hranoh  Is  quite  slmJ.lar  to  the  hover¬ 
ing  situation,  while  the  heavily  damped  branch  may  either  consist  of 
a  heavily  damped  long  period  oscillation  as  shown  or  two  convergences , 
depending  upon  the  sign  and  magnitude  of  %c>{  -  Thus  when  rnc<  O 

the.  "hovering’'  dynamics  represent  a  good  approximation  to  the  dynamics 
of  the  helicopter  in  forward  flight «  The  actual  dynamies  differ  from 
the  "hovering"  dynamics  primarily  due  to  angle  of  attack  stability, 
llso  note  that  in  the  situation  when  <  <  |  ,  ~  O  ^  ()^— Zjv) 

is  a  factor  of  the  characteristic  equation. 

Thus  the  manner  in  "which  the  dynamics  of  the  airframe  vary  "with 
angle  of  attack  stability  and  instability  and  with  "varying  degrees 
of  velocity  stability  has  been  shown. 

Comparisons  of  Figure  6a  with  Figure  7  demonstrates  the  differ¬ 
ence  between  the  longitudinal  dynamics  of  an  aircraft  iiihen  the  static 
stability  of  the  aircraft  is  due  to  angle  of  at'ta.ck  stabl.lity,  and 
when  it  is  due  to  velocity  S'bahiilty.  There  is  one  region  of  simi¬ 
larity  when  the  velocity  stability  is  very  small,  its  variations 
affect  the  lightly  damped  mode  in  a  similar  fashion  to  the  variations 
of  angle  of  attack  s"fcahi.l.lty.  This  region  is  restricted  approximately 
to  the  period  of  dynamics  s^ere  classical  phugoid  is  oscillatory  and 
the  period  of  the  lightly  damped  motl.on  is  longer  than  the  classical 
phugoid  period.  The  roots  Indicated  on  these  two  Figures  by  an  aster¬ 
isk,  are  a  comparison  of  dynamics  "when  the  S'tatl.c  margl.n  of  the  air¬ 
plane  (Reference  7)  the  same,  b'ut  arises  from  these  two  different 


sources . 


How  the  influence  of  combinations  of  these  two  derl'TOtiyes  will 
be  considered „  In  FigErre  8a  the  influence  of  angle  of  attack  sta¬ 
bility  and  instability  for  various  values  of  velocity  stability  is 
indicated^  and  In  Figure  8b  ^  the  influence  of  velocity  stability  at 
various  values  of  angle  of  attack  stability  is  presented.  Only  the 
situation  where  the  classical  phugold  is  oscillatory  is  considered 
here. 

Discussion  will  be  restricted  to  osclllato:ry  characteristics. 
Corresponding  roots  on  the  two  branches  can  be  estimated  from  the 
fact  that  the  sum  of  the  damping  of  the  two  modes  is  a  constant  when 
only  the  static  stability  derivatives  are  varied. 

The  poles  for  the  following  root  loci  are  obtained  from  previous 
dlag2“ams  and  the  zeros  are  the  same  as  before.  For  example,  the  poles 
for  Figure  8a  are  obtained  from.  Figure  7  for  various  values  of  , 

and  the  ze.ros  are  the  sam.e  as  in  Figure  6a. 
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Figure  8a  s  The  cl;/najuics  of  an  airplane  as  a  function  of  angle  of 
attack  stability  for  different  velocity  stability. 
(Hiugoid  oscills,tory) 


There  are  two  regions  to  consider  wl.th  regard  to  the  lightJl^ 
damped  mode;  One  previously  mentioned^  when  the  frequency  of  the 
motion  Is  less  than  the  classical  phugoid,  and  the  other  when  the 
frequency  Is  greater  than  the  classical,  phugold  frequency.  In  the 
fo,rm.er  region^  the  motion  Is  of  long  period  and  sll^tly  stable. 

Both  rno^  and  Vinyu,  produce  similar  influences  upon  the  dynamics, 
reducing  the  period  and  the  damping.  As  the  velocity  stability  in¬ 
creases,  the  period  becomes  less  than  the  c.lassical  phugoid,  and  the 
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Influence  of  angle  of  attack  stability  becomes  more  and  more  bene¬ 
ficial^  decreasing  the  instability  and  lengthening  the  period^  always 
tending  towards  the  classical,  phagold.  The  influence  of  ang2.e  of 
attack  instability  becomes  niore  and  more  severe  ^  strongly  increasing 
the  dynamic  instability  and  lengthening  the  period  somewhat.  In¬ 
creasing  the  velocity  stahility  is  ra,rely  beneficial^  except  in 
regions  where  there  are  large  amounts  of  angle  of  attack  stahility. 
Even  in  this  condition  it  is  hardly  desirab.le  since  it  p.rimarl.ly  re¬ 
duces  the  period  of  a  lightl.y  damped  oscillation;,  changing  the  damping 
very  little. 


Figure  8t:  The  d.yriaa;ilcs  of  an,  airplane  as  a  f 'unction  of  ve.locity 
st.abi.lity  for  various  -values  o'f  angle  of  attack 
stahility  and  Instabi.lity . 
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IT  the  phttgoid  is  E.ot  oscJ.llatory  the  slt'aa.tioii  wil.l  he  similar .  The 
slgBlificant  difference  occtirs  due  to  the  fant  that  increasing  the  angle 
of  attack  s'tahillty  ■wl.ll  erentually  cause  a  diTergenee  to  occur  ■when 
the  coefficient  of  A  chan.ges  sign,  Instahl,lity  occors  'when 
|ir!n5(Zu|>|\'T5n4,  Z;3\|  the  influence  of  both  derivatires  is  simi-lar  to 
the  previous  case  except  that  there  is  no  region  of  sisailarity  in  the 
Ilght.ly  damped  mode.  Increases  in  "iTliiA-  result  in  oscillatory  inkta- 
biltty  and  reduction  in  period.  Angle  of  attack  stabl.'Lity  stabilises 
the  motion  and.  al'ways  Increases  the  period,,  and  a  large  degree  may 
cause  s'tatlc  Instabi.llty  of  the  alrp.lane. 

Thus  desirable  characteristics  of  the  long  period  motion  are  ob¬ 
tained  by  mal.ntaining  T’A?  ,  as  small  as  possible,  and  obtaining  a 
large  amount  of  angle  of  at'fcack  stabil-ity.  However,  in  the  situation 
where  2.ius—  is  such  that  there  is  a,  lift  loss  "with  Increase  in  speed 
mainlining  |rin«a-.  X,o^|>|'nOo!, "  Ih  this  latter  situation  it  may 
be  desira‘b,le  to  lncrea,se  the  velocity  stability  to  prevent  thl,s  dy¬ 
namic  Instability .  This  is  perhaps  the  only  situation  in  -which  an  in¬ 
crease  in  velocity  s-fcability  is  d,esi:rab.le. 

Wow  the  hea;vil,y  damped  mode  •wl.1.1  be  conBl.dered.  If  axi,d 

are  not  large  then  a,  large  degree  of  angl.e  o.f  attack  stabi.llty  may 
make  'the  damping  ratio  of  the  heavl..ly  damped,  mode  small,  enough  to  he 
'undesi:rab,leo  If  the  crite:ri.on,  of  Peference  8  is  satisfl.ed  'With  .re¬ 
gard  to  AHiQ  ,»  then  this  should  not  be  a  probTiem.  Increasing  ang.le 
of  attack  stabl,llty  .al'ways  raises  the.  frequency  of  the  heavi.ly  damped 
mode.  An  increase  in  ve.Iocity  stabil.lty  lo'wers  the  frequency  and 
genemUy  increases  the  damping  of  the  heavl.,l,y  dam.ped  mode. 


From  these  conslderAtioms  it  can  “be  seen  that  the  comments  o:C 
Beterence  9  'wl.th  regard  to  the  inodes  of  the  H0«3S  helicopter  -would, 
he  generally  true  fo'r  any  aircraft  -with  a  signlflcaut  aiD,ount  o.f  ve¬ 
locity  s-tabili'ty  and  InsnfTlcient  angle  of  attack  stability. 

Ihe  Influence  of  other  stability  deri-vatlyes  may  be  determined 
from  root  locus  techniques.  However^  for  an  over -all  view  we  can 
see  the  primary  influences  from  the  prevl.ous  root  loci.  >C.5j^  provides 
damping  of  the  l.ightly  ■-l--'mped  mode.  (  In  most  cases  is  the 

maximxim.  ami,omit  of  damping).  It  has  little  influence  on  the  heavily 
damped  mode.  and  X  o*.  govern  the  dam.plng  of  the  heavily 

damped  mode  and  influence  the  lightly  damped  mode.  Increase  in  pitch 
damping  (  IfH  Q  )  is  always  helpful  -with  regard  to  the  l.ightly  damped 
m.ode,  increasing  the  period  an.d  damping.  Ho'weve.r^  extremely  large 
values  -will  be  required  to  s-tablllise  this  mode  unless  is  large. 

The  influence  of  'Z.  on  the  ll.ghtly  damped  mode  depends  upon  the 
valaes  of  YTjul  and  rn «  since  the  mir!.o:r  of  is  the  "hovering'^ 

mi.no:r.  If  ang.le  of  attack  stability  is  present;,  the  damping  of  the 
lightly  damped  mode  l.s  be-tter  than  the  hoveri.ng  case  and  thus  an  in¬ 
crease  in  -wl,.!!  be  destabilizing.  For  ang.l.e  of  attack  Ins-ta- 

hlll'ty,  an  l.ncrease  in  will  be  s-tabi.l,l.zl,ng.  The  Importance  of 

this  e:ffect  depends  upon  the  size  of  . 

,An  estimate  of  the  lm.po-rtanice  of  de:riYat.i'ves  such  as  may 

he  determined  by  noting  the  .roo'fc  of  "X.  +-  Vf)o{  “  O  »  If 

this  root  X“  “■  is  of  the  order  of  the  roots  under  consider- 

atlon  on  the  root  locus then  the  iri;fl:aence  of  should  be  -taken 

Into  axscounto  If  it  is  much  .'larger  thao.  the  magnitude  of  the  roots 


under  consideration,  then  may  he  neglected »  It  is  on  this  basis 

that  terms  such  as  Xq  can  he  neglected  o 

The  mode  ratios  for  all  the  foregoing  root  locus  diagrams  are  indi¬ 
cated  on  Figure  5 ■ 

It  has  been  shovn  that  the  character  of  longitudinal  motion  of  an 
aircraft  is  largely  determined  hy  the  static  stability  derivatives 
(  flDu.  and  YTs  )  -  The  characteristic  roots  normally  fall  into 
two  groups : 

1.  A  well  damped  oscillation  or  two  comparatively  fast  convergences. 
Whether  or  not  this  mode  is  oscillatory  depends  primarily  upon  angle 
of  attack  stability.  The  damping  of  this  mode  is  governed  by  the  lift 
curve  slope  of  the  aircraft  (  the  pitch  damping  (  YD  0  ) 

2  0  A  lightly  damped  or  unstable  oscillation,  or  a  slow  convergence 
and  divergence.  The  character  of  this  mode  depends  to  a  large  extent 
on  both  ftOuj  and  YD  (X  "  maximum  damping  of  this  mode  is  dependent 

upon  the  drag. 

,  If  there  are  two  oscillations,  then  except  in  the  case  where  fDiu-- 
Is  very  small,  and  the  influence  of  'fDu.  and  YDq{  on  the  lightly 
damped  mode  l.s  similar,  their  effect  on  the  frequency  of  these  two 
oscillations  is  opposite.  An  increase  in  angle  of  attack  stability 
raises  the  frequency  of  the  heavily  damped  mode,  and  lowers  the  frequency 
of  the  lightly  damped  mode.  Increase  in  velocity  stability  raises  the 
frequency  of  the  lightly  damped  mode  and  lowers  the  frequency  of  the 
heavily  damped  mode.  It  appears  then,  that  unless  a  large  amount 
of  angle  of  attack  stability  is  present,  if  two  oscillations  are 
present,  they  will  tend  to  be  of  similar  period. 
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So>r  the  lootion  of  the  single  rotor  helicopter  '¥'111  he  examined. 
The  single  rotor  helicopter  ■‘sl.ll  have  snaller  ’values  of  01)  g  and 
than  the  airplane.  However^  from  the  foregoing  roo'fc  loci^ 
this  is  not  a  fnndamen-tal  difference.  The  fundamental  dl'fferences 
lie  in  the  static  stahlllty  derivatives  and  the  fact  tha,t  at  high 
speeds  ’there  can  he  a  ll'ft  loss  'wi.th  Increase  in  speed.  One  ’vie’w- 
point,  since  the  single  rotor  helicopter  wi.U  usoaLly  possess  a-  sig- 
nlf leant  amount  of  velocity  s’tahill.ty,  l,s  to  consider  the  hovering 
motion  described  hy  the  hoverl.ng  minor  as  basic.  (As  a  rough  approxi- 
matl.on_,  and  VTH  q  may  be  consl.dered  constant  'wl’th  forward, 

speed).  The  dynamics  in  this  case  ■K'il.l  consls’fc  o’f  an  ’uncoupled  con- 
vergence  in  angle  of  afc’tack,  a  convergence  in  pi’fcch  angle  and  ang.‘i.e 
of  attack,  and.  an  ’uns’t^ble  oscillation  in.volvl.ng  a.ll  three  va;rf.ableB. 
Nov  the  infTaence  of  ang.ie  of  attack  ?.tabl.3.ity  on  thl.s  motion  m.us’fc 
be  consl.dered.  The  typical,  vari.afclor  of  axi.g.l.e  of  at-’tsek  s'fcabi.Iity  as 
a  fon.ction  of  forward  speed,  on  a  hel.l.copte:r-  l.s  as  fo.l.lo¥S  (.Re,fe’rences 
and  9 )  °  Wo:rma.l.iy  at  very  l.o'v  speeds  ’the  ang.'3,e  of  at.iack  stability 
wi.ll  be  r).eg.ligl'ble .  .At  a  som.e'^fha’t  higher  speed.  In  ’the  optimiar.  con,- 
figuration  it  is  poss.ible  to  obtain  soK.e  ang.l.o  o’f  attack  stabl.l.ity 
an.d.,  as  speed  increases,  t-M.5  devel.op  l.nto  a  strong  ao.gle  of 

attae,k  l.nstatility  ’wl’th  no  hor'3.::;on.fal  tal.l,.  A  .horl.eoD.’ta.!  tal..l  of 
sufficl.en’fc  sl’se,  can  :reve’.rse  ’thlB  ’trend  and.  provide  &,  .large  amoui!.t 
of  axig.le  o;"  at’baek  Btabi.ll ’)‘.’y  (Reference  a)  ^  'Mth  no  ’tal.l.,  a't  .low 
speeds  there  may  be  ’t’*ro  osciDiatlons  present,  ’o.sua.liy  of  similar 
freouency,  sl.nce  m  is  not  large  eno’ugh  to  make  the  heavl..'Ly  damped 
m,ode  O’f  the  high  frequency  typical  of  ’the  airplane.  The  l.lghtly 
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damped  mode  may  be  approximately  neutrally  stable.  At  hi^  speeds j, 
there  vil,!!  he  two  eonyergencesj  one  considerably  faster  than  the 
other ^  and  an  unstable  oscillation .  With  the  horiaontal.  tall  the 
situation  can  be  altered  to  produce  two  oscillations  at  high  speedy 
one  well  damped  and  of  somewhat  shorter  period  than  the  other.  The 
lightly  danjped  motion  may  ewen  become  two  convergences ^  or  a  con¬ 
vergence  and  a  divergence  for  sufficiently  large  when  a  lift 

loss  with  speed  is  present. 

It  is  difficult  to  determine  a  second  order  approximation  to 
the  lightly  damped  motion  when  there  is  a  significant  amount  of  ve¬ 
locity  stahility  present,  llhe  approximation  suggested  in  Heference 
10  appll.es  only  when  the  period  of  the  motion  i,s  very  .long  or  w'hen 
there  is  a  large  degree  of  ang.le  of  attack  stahil.lty  and  Is  mislead,!, ng 
particu,'Larl.y  with  regard  to  the  influence  of  velocity  stability  on  the 
damping  of  the  m.otlon  in  the  case  of  the  typical.  he.llcopter.  Regions  of 
val,lditjy  of  various  approximations  can  be  rapid.Iy  estimated  hy  in¬ 
spection  of  the  characi.erlstic  equation  in  factored  foCT,.  For  e.xampie 
the  cha:racteristic.  ©■.jo.atl.on.  of  (k)  may  be  ’«r.it-nen  ass 


Ziu, 

'^©5]  -  O 

j 


and,  in  the  region 

o;f  'the 

heavily  damped  mode 

l.n  Fl.gurf:  -Sa 

lAl  »  \^u\ 

and 

1  'therefore 

)CX" 

Blm.p.lifyiiig  the  equation  to  some  degree^,  and  l.ndJ.cati.ng  th.e  influence 
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is  large 


of  ni|js„  on  the  heavi.Iy  damped  mode.  Now  if  |  X  I 
and,  1  I  "s  2.  c«i  this  reduces  to  the  short  period  approxima,tion 


X  X  X  ”  •+  VTlc>t  “  O 

In  this  way  the  consistancy  and  range  of  application  of  various  ap¬ 
proximations  for  various  roots  can  he  q.utckly  estimated  and  the  im¬ 
portant  terms  contrihating  to  the  mode  can  he  seen. 

Shus^  in  conclusion,  a  convenient  viewpoint  for  the  longitudinal 
dynamics  has  been  presented  which  makes  it  possible  to  obtain  a  good 
physical  basis  from  which  to  consider  the  dynamics  of  the  airplane, 
and  in  partl.cular  to  visualise  in  a  gene.ral  way  the  infl.uence  of  the 
static  stability  derivatives  on  airplane  motion. 


CONCLUSIONS 


lo)  The  longitudinal  dynamics  of  an  aircraft  consist  of  a  heavily 
damped  oscillation  (or  two  convergences)  and  a  lightly  damped 

M© 

or  unstable  oscillation  in  the  usual  case  where  ' 


1 


> 


>i#l 


and  the  aircraft  is  statically 


stable.  The  validity  of  the  classical  short  period  and  phugoid 
approximations  depend  upon  the  above  relationship  and  upon  angle 
of  attack  stability.  The  larger  the  angle  of  attack  stability^ 


e 


and  the  greater  the  separation  of  ■  and 


^  X-a 

— — —  from.  - -  , 

vnLio  fTl  ■ 


the  better  the  approximations. 

2.)  The  presence  of  velocity  stability  tends  to  invalidate  the 
classical  approximations  and  Influences,  in  particular,  the 
lightly  damped  m.otlon,  decreasing  the  period  and  making  the 
motion  unstable. 

3»)  Both  modes  of  motion  occur  in  all  three  variables.  The  velocity 
and  the  pitch  ang.le  predoml.nate  in  the  lightly  damped  motion, 
and  the  angle  of  attack  and  pitch  angle  predominate  In  the 
heavi.ly  damped  m,otion.  As  the  c.lasslcal  approximations  are 
approached,  the  velocity  change  becomes  negligible  in  the 
heavily  damped  mode  and  the  angle  of  attack  change  negligible 
in  the  lightly  damped  mode. 
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